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Preface

A knowledge of linear systems provides a firm foundation for the study of
optimal control theory and many areas of system theory and signal processing.
State-space techniques developed since the early sixties have been proved to be
very effective. The main objective of this book is to present a brief and
somewhat complete investigation on the theory of linear systems, with
emphasis on these techniques, in both continuous-time and discrete-time
settings, and to demonstrate an application to the study of elementary (linear
and nonlinear) optimal control theory.
An essential feature of the state-space approach is that both time-varying
and time-invariant systems are treated systematically. When time-varying
systems are considered, another important subject that depends very much on
the state-space formulation is perhaps real-time filtering, prediction, and
smoothing via the Kalman filter. This subject is treated in our monograph
entitled "Kalman Filtering with Real-Time Applications" published in this
Springer Series in Information Sciences (Volume 17). For time-invariant
systems, the recent frequency domain approaches using the techniques of
Adamjan, Arov, and Krein (also known as AAK), balanced realization, and
H oo theory via Nevanlinna-Pick interpolation seem very promising, and this
will be studied in our forthcoming monograph entitled "Mathematical Approach to Signal Processing and System Theory". The present elementary
treatise on linear system theory should provide enough engineering and mathematics background and motivation for study of these two subjects.
Although the style of writing in this book is intended to be informal, the
mathematical argument throughout is rigorous. In addition, this book is selfcontained, elementary, and easily readable by anyone, student or professional,
with a minimal knowledge of linear algebra and ordinary differential equations. Most of the fundamental topics in linear systems and optimal control
theory are treated carefully, first in continuous-time and then in discrete-time
settings. Other related topics are briefly discussed in the chapter entitled
"Notes and References". Each of the six chapters on linear systems and the
three chapters on optimal control contains a variety of exercises for the
purpose of illustrating certain related view-points, improving the understanding of the material, or filling in the details of some proofs in the text. For this
reason, the reader is encouraged to work on these problems and refer to the
"answers and hints" which are included at the end of the text if any difficulty
should arise.

VI

Preface

This book is designed to serve two purposes: it is written not only for selfstudy but also for use in a one-quarter or one-semester introductory course in
linear systems and control theory for upper-division undergraduate or firstyear graduate engineering and mathematics students. Some of the chapters
may be covered in one week and others in at most two weeks. For a fifteenweek semester, the instructor may also wish to spend a couple of weeks on the
topics discussed in the "Notes and References" section, using the cited articles
as supplementary material.
The authors are indebted to Susan Trussell for typing the manuscript and
are very grateful to their families for their patience and understanding.
College Station
Texas, May 1988

Charles K. Chui
Guanrong Chen
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1. State-Space Descriptions

Although the history of linear system theory can be traced back to the last
century, the so-called state-space approach was not available till the early 1960s.
An important feature of this approach over the traditional frequency domain
considerations is that both time-varying and time-invariant linear or nonlinear
systems can be treated systematically. The purpose of this chapter is to introduce
the state-space concept.

1.1 Introduction
A typical model that applied mathematicians and system engineers consider is a
"machine" with an "input-output" relation placed at the two terminals (Fig. 1.1).
This machine is also called a system which may represent certain biological,
economical, or physical systems, or a mathematical description in terms of an
algorithm, a system of integral or differential equations, etc. In many applications, a system is described by the totality of input-output relations (u, v) where
u and v are functions or, when discretized, sequences, and may be either scalar or
vector-valued. It should be emphasized that the collection of all input-output
ordered pairs is not necessarily single-valued. As a simple example, consider a
system given by the differential equation v" + v = u. In this situation, the totality
of all input-output relations that determines the system is the set

s=

{ (u,

v): v" + v = u}

and it is clear that the same input u gives rise to infinitely many outputs v. For
example, (1, sint+ 1), (1, cost+ 1), and even (1, acost+bsint+ 1) for arbitrary
constants a and b, all belong to S. To avoid such an unpleasant situation and to
give a more descriptive representation of the system, the "state" of the system is
considered. The state of a system explains its past, present, and future situations.
This is d<;me by introducing a minimum number of variables which are called
state variables that represent the present situation, using the past information,
namely the initial state, and describe the future behavior of the system
completely. The column vector of the state variables, in a given order, is called a
state vector.
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(in~ut)·1

System

v
(output)

Fig. 1.1

Let us return to the simple example ofthe system described by the differential
equation v" + v = u with a specified initial state. Introducing the state vector

x=[:J,
where

and X 2 are state variables satisfying the initial state x 1 (a)=b and
c, we can give a "state-space" description of this system by using a system
of two equations:
Xl

X 2 (a) =

(1.1)

v=[1 O]x ,
where x denotes the derivative of the state vector x. The definition of state-space
will be better understood later in Sect. 1.4. Here, the first equation in (1.1) gives
the input-state relation while the second equation describes the state-output
relation. The so-called state-space equations (1.1) could be obtained by setting the
state variables Xl and X 2 to be v and v' respectively. However, without the
knowledge of such substitutions, it may not be immediately clear that the inputoutput relation follows from the state-space equations (1.1). To demonstrate how
this is done more generally, we rewrite (U) as

x=Ax+Bu
v=Cx

(1.2)

where A, B, Care 2 x 2, 2 x 1, 1 x 2 matrices and let p(A) be the characteristic
polynomial of A. In this example, p(A) = A2 + 1, so that by the Cayley-Hamilton
Theorem, we have

p(A)=A2+I=O.
Hence, differentiating the second equation in (1.2) twice (the number of times of
differentiation will equal the degree of the characteristic polynomial of the square
matrix A), and utilizing the first equation in (1.2) repeatedly, we have

Cx=v
CAx=v'-CBu
CA 2x=v"-CBu' -CABu

1.2
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Therefore, the identity peA) = A 2 + I = 0 can be used to eliminate x, yielding:
(v" -CBu' -CABu)+v= CA 2 x+Cx=C(A 2 +I)x=O

or

v" +v=C(Bu' +ABu)
=

[1 OJ

([?J u' + [6] u)

=u.

1.2 An Example of Input-Output Relations
More generally, if the characteristic polynomial of an n x n matrix A in an inputstate equation such as (1.2) is
p().)=A.n+a1A.n- 1 + ... +an ,

then the above procedure gives
Cx=v
CAx=v'-CBu
CA 2 x=v" -CBu' -CABu

so that, by setting ao = 1, we have:

Ln ak(n-k-l
v(n-k)_c L

k=O

j=O

)

AjBu(n-k-j-l) =Cp(A)x=O.

That is, the input-output relation can be given by

L
n

ajv(n-j)=C

j=O

L
n

k=O

ak

I

n-k-l

AjBu(n-k-j-l)

j=O

(1.3)

with ao = 1.
A slightly more general form of (1.3) is given by
Lv=Mu
(1.4)

M

=

m

I b
k=O

k

dm - k
dt m - k

'

m=:;n.
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However, the system with input-output relations described by (1.4) does not
necessarily have a state-space description given by (1.2) (Exercise 1.2). We also
remark in passing that even if it has such a description, the matrices A, Band C
are not unique (Exercise 1.3).

1.3 An Example of State-Space Descriptions
A more general state-space description of a system with input-output pairs (u, v)
is given by
i=Ax+Bu

(1.5)

v=Cx+Du
where A, B, C, D are matrices with appropriate dimensions. By eliminating the
state vector x and its derivative with the help of the Cayley-Hamilton Theorem
as above, it is not difficult to see that the input-output pair (u, v) in (1.5) satisfies
the relation Lv = Mu in (1.4) with appropriate choices of constants aj and bk
(Exercise 1.4). To see the converse, that is, to show that the input-output relations
in (1.4) have a state-space description as given in (1.5), we follow the standard
technique of transforming an nth order linear differential equation to a first order
vector differential equation as was done in the simple example discussed earlier
by choosing the matrix A to be

o
o

o

o

0

o

o
·0

Of course there are other choices of A. But with this "so-called" standard choice,
it is clear that the matrix C must be given by
C=[lO ... O].
Hence, by setting B = [P I . . . Pn]T and D = [Po] we see that the variables of the
vector x = [x I . . . xn]T in (1.5) satisfy the equations:
X'I =X z +PI U

X~=X3+P2U

1.4 State-Space Models
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That is, the state variables are defined by
Xl =V-POU

and must satisfy the constraint:

or equivalently,

(1.6)
Hence, the constants
equation

Po, ... , Pn are uniquely determined

by the linear matrix

[ ~o.a, ~:l [~nl [~m 1
•••.•.•.•.

. ·a
o ... .
·0
o

Po

bm- n

where a o = 1 and bj = 0 for j <0. We remark that the highest derivative of u in (1.6)
is n, and hence the order m of the differential operator M in (1.4) is not allowed to
exceed n.

1.4 State-Space Models
A system with the state-space description given by (1.5) is usually called a singleinput/single-output time-invariant system; that is, the matrices A, B, C and D in
(1.5) are constant matrices and the input and output functions are scalar-valued.
In general, we have to work with time-varying systems, and in addition, the input
and output functions may happen to be vector-valued; in other words, we may
have a multi-input/multi-output system. The state-space description of such a
system is given by
i = A(t)x + B(t)u

v=C(t)x+D(t)u .

(1.7)

6
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The digital version of (1.7) is
Xk+ l =Akxk+BkUk
Vk=CkXk+DkUk ,

(1.8)

where {ud and {vd are input and output sequences of the discretized (or digital)
system, respectively. Of course (1.8) is only an approximation of (1.7), for
instance, by setting Uk = u(kh), vk=v(kh), and xk=x(kh) where h is a sampling
time unit. A natural choice of the matrices A k, B k, Ck and Dk is given by
Ak = hA (kh) + I
Bk=B(kh)
Ck=C(kh)

and

Dk=D(kh)

A small sampling time unit is necessary to give a good approximation. We will be
dealing with the state-space descriptions (1.7,8) for continuous-time and
discrete-time systems, respectively. The vector space, spanned by the state
vectors which are generated by all "admissible" inputs and initial states, is called
the state-space. For a better understanding, see Exercises 2.2-4.
It will be clear from Exercise 2.5 that the outputs in the state-space
descriptions (1.7,8) are linear in the state vectors for zero input and linear in the
inputs for zero initial state. For this reason, the systems we consider here are
called linear systems. In the subject of control theory, linear systems are also
called linear dynamic systems, the state-space descriptions (1.7, 8), dynamic
equations, and the matrices A(t), B(t), C(t), and D(t) in (1.7) or A k, B k, Ck, and Dk in
(1.8) are called system (or dynamic), control, observation (or output), and transfer
matrices, respectively.

Exercises
Give a state-space description for the input-output relations v" + av' +
bv=u by using the state variables Xl =av+[3v' and xz=yv+bv' where
ab - [3y -1'0.
1.2 Determine all constants a, band c so that the linear system with inputoutput relations v" + v' = au + bu' + cu" has a state-space description of the
form given by (1.2).
1.3 By using Exercise 1.1, show that the matrices A, B, and C in the state-space
description (1.2) for the linear system with input-output relations
v" +av' +bv=O are not unique.
1.4 Determine the constants aj and bk in (1.4) for the input-output relations of
1.1

Exercises

7

the linear system (1.5) where A, B, C and D are arbitrary n x n, n x 1, 1 x n,
and 1 x 1 matrices.
1.5 (a) Give a state-space description for the two-input and two-output system

(b) Derive a general state-space description for the normal n-input and
n-output system

v\n)+

n

I

{aLv\n-j)+aLv~-j)+

j= 1

1.6

(a) Give a state-space description for the discrete-time system defined by
the difference equation

vk + 2 + vk + 1 + Vk =

(Hint: Let
Xk=[

Uk .

X1.k=Vk,X2.k=Vk+l

and

::::J ).

(b) Derive a gen~ral state-space description for the discrete-time system
defined by the difference equation

where ao= 1, m5;,n, and m, n are arbitrary positive integers.

2. State Transition Equations and Matrices

In this chapter, we will discuss the solution of the state-space equation assuming
that the initial state as well as all the governing matrices are given. Both
continuous-time and discrete-time systems will be considered. It is clear that only
the input-state equation has to be solved.

2.1 Continuous-Time Linear Systems
From the theory of ordinary differential equations, if A(t) is an n x n matrix
whose entries are continuous functions on an interval J which contains to in its
interior, then the initial value problem
x=A(t)x
x(to)=e i

(2.1 )

,

where ei = [0 ... 0 1 0 ... O]T, the entry 1 being the ith component, has a
unique solution which we will denote by ¢i(t, to). Let <1>(t, to) be the n x n matrix
with ¢i(t, to) as its ith column. Since these column vectors are linearly independent, the "fundamental matrix" <1>(t, to) is nonsingular. For convenience, we
assume that J is an open interval. Since the above discussion is valid for any to in
J, we could consider <1>(s, t) as a matrix-valued function of two variables in J.
Clearly,
<1>(t, t) = I ,

the identity matrix, for all

t

in 1. Set

F(s, t)=<1>(s, r)<1>-l(t, r) .

Then F(s, r)=<l>(s, r)<1>-l(r, r)=<1>(s, r),

i.e., F=<1>, so that

<1>(s, t) = <1>(s, r)<1> -1 (t, r)

or, equivalently, <1>(s, t) satisfies the "transition" property:

2.2

<1>(s, r) = <1>(s, t)<1>(t, r) ,

Picard's Iteration
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(2.2)

where s, t, and r are in 1.
We now consider the input-state equation with a given initial state Xo at time
to, namely

i

= A(t)x

+ B(t)u

(2.3)

x(to)=x o ,

where A(t) and B(t) are n x nand n x p matrices respectively, and u is a
p-dimensional column vector. Although weaker conditions are allowed, we will
always assume, for convenience, that all entries of A(t) are continuous functions
on 1 and that the entries of B(t) as well as the components of u are piecewise
continuous on 1. Again from the theory of ordinary differential equations, (2.3)
has a unique solution given by
r

x(t)=<1>(t, to)x(t o)+

J <1>(t, r)B(r)u(r)dr

r

,

(2.4)

o

where, as usual, integration is performed componentwise, and <1>(t, to) is the
fundamental matrix of the first order homogeneous equation i = Ax discussed
above. In the subject of control theory, one could think of u as the control
function that takes an initial state x(to) to a state x(t) in continuous time from
time to to time t, and "equation" (2.4) describes how this is done. Because of its
formulation, this equation is also called the (continuous-time) integral equation
of u. Note that the solution of this equation for the control function u that takes
x(to) to x(t) is given by the input-state equation (2.3). The matrix <1>(t, to) that
describes this transition process is usually called the transition matrix of the
linear system.

2.2 Picard's Iteration
In order to have a better understanding of the transition process, it is important
to study the transition matrix. We first consider the special case where A = [aij] is
a constant matrix. Denote by IA 11 the [1 norm of this matrix; that is

IAll=L laijl·
i, j

By Exercise 2.8, we have
to define

IA211 ~IAIL ... , IA n l1 ~IAI~, ... , and this allows us

\0
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since the sequence of partial sums of the infinite series is a Cauchy sequence:

IntM:~Anl!~ntM I:~n IAnl!
~

±

n=M

(Itll~l!t
n.

which tends to 0 as M and N tend to infinity independently. (Here, the triangle
inequality in Exercise 2.8 has been used.) In addition, it is also clear from this
infinite series definition that

Hence, it follows immediately that the solution ¢i(t, to) of (2.1) is given by

that is, the transition matrix in (2.4) for the system with constant system matrix A
is given by
(2.5)

When A = A(t) is not a constant, that is when time-varying state-space
equations are considered, an explicit formulation of the transition matrix is
usually difficult to obtain. The following iteration process, usually attributed to
Picard, gives an approximation of <I>(t, to). Again, for convenience, we assume
that the entries of A(t) are bounded functions in J, so that a positive constant C
exists with

We start with the identity matrix. Set
Po(t)=I
P!(t)=I +

J A(s)Po(s)ds
1

10

1

PN(t)=I+

JA(S)PN-ds)ds

10

2.2

Then for all

Picard's Iteration

11

and N > M, we have

tEJ

t

51

=I~t~f A(SI) f
to

Sk

A(S2)'"

to
t

...

ds 111

Sk

~~t~If.·· f
to

f A(Sk+ ddsk+1
to

dSk+l'" ds 1 l C k+l

to

N- 1 (CI t - to I)k+ 1

=L

(k+l)!

k=M

which tends to zero uniformly on any bounded interval as M, N --+ 00 independently. That is, {PN(t)} is a Cauchy sequence of matrix-valued continuously differentiable functions on J. Let P(t, to) be its uniform limit. Since

d
- PN(t) = A(t)PN-1 (t)
dt
and PN(t O ) = 1, it follows from a theorem of Weierstrass that

d
dt P(t, to)=A(t)P(t, to)

This, of course, means that the columns of P(t, to) are the unique solutions
(Mt, to) of the initial value input-state equations (2.1), so that P(t, to) coincides
with <1>(t, to). We have now described a simple iteration process that gives a
uniform approximation of <1>(t, to). It also allows us to write:
t

J

<1>(t, t o )=1 + A(s)ds+
to

t

51

to

to

J A(sd J A(S2)ds2ds

1

+ ...

(2.6)

It is clear that if A = A(t) is a constant matrix, then (2.5) and (2.6) are identical,
using the definition of exp[(t-to)A].
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2.3 Discrete-Time Linear Systems
We now turn to the discrete-time system. The input-state equation with a given
initial state Xo is given by
(2.7)
where Ak and Bk are n x nand n x p matrices and Uk' k = 0, 1, ... , are
p-dimensional column vectors. Writing out (2.7) for k = 0, 1, ... , respectively, we
have

Hence, by substituting the first equation into the second one, and this new
equation into the third one, etc., we obtain
N

XN=CI>NoXO+

L Cl>NkBk-lUk-l
k=l

(2.8)

where we have defined the "transition" matrices:
Cl>kk = J
Cl>jk=A j -

(2.9)
1 •..

Ak

for j>k

In particular, if Ak= A for all k, then Cl>jk = Aj-k for /:2:. k. Equation (2.8) is called
the (discrete-time) state transition equation corresponding to the input-state
equ.ation (2.7) and Cl>jk (j;;:::.k) are called the transition matrices. The state
transition equation describes the transition rule in discrete-time that the control
sequence {Uk} takes the initial state Xo to the final state X N • We remark, however,
that although the transition matrices Cl>jk satisfy the "transition" property

Cl>jk is not defined forj < k, and in fact, even if Ak = A for all k, Cl>ik (i > k) is singular if
A is. This shows that discrete-time and continuous-time linear systems may have
different behaviors. However, if the system matrices A k , ••• , A j_I' where k <j,
are nonsingular, it is natural to introduce the notation Cl>kj = A k- I . . . A j-_\, so
that Cl>kj = Cl>jk I or Cl>kj Cl>jk = J, completing the transition property.

