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Imagine that a perfectly self-similar fractal set is generated by a simple it
eration and then subjected to bending, twisting, breaking, or corrosion. What
remains of the initial structure?
Self-similarity is by now a familiar concept. One can repeat combinatorial
recipes over and over again to obtain typically "fractal" limiting sets which look
exactly the same at all scales and locations. Examples are commonly known and
much studied, but often in a way which depends on the particular structure in
question. Much less has been attempted by way of general definitions that would
incorporate a broad range of phenomena into a single language.
We propose a concept of self-similarity here called BPI ("big pieces of itself").
The precise definition is given in the first chapter, and some characterizations and
consequences are provided in Chapter 6. Roughly speaking, the definition asks
that inside any pair of balls in the space there be pieces of substantial proportion
which look almost alike in the sense of bilipschitz equivalence (Le., up to bounded
distortion of distances). This provides a framework in which to talk about "all"
spaces with some self-similarity, and to make comparisons between them. It also
provides a language in which to consider crucial features of a geometry without
regard to accidents of a particular realization.
We do not mean to suggest that this framework is definitive - nothing ever
will be - but it seems to be rather rich and flexible, and potentially opens up
many interesting new opportunities for investigation.
In addition to the usual fractals one shOuld keep more exotic spaces in mind.
Examples of BPI spaces come from Heisenberg groups, asymptotic geometry of
finitely generated groups, and constructions with doubling measures. (See Chap
, ters 2, 4, and 16.) Doubling measures arise from Riesz products, Riemann sur
faces, or more naive probabilistic considerations (as discussed in Chapter 16). A
basic problem is to decide whether there is always something like a combinatorial
pa.ttern, a group, or a dynamical system behind any given BPI set.
Even in the case of perfectly self-similar sets it can be difficult to "see" precise
combinatorial structure through primitive considerations of measure and metric,
and this is a basic issue that we seek to address. It is still more problematic in
the presence of singularities and distortions.
There are tools available for detecting approximately Euclidean behavior in
sets despite singularities and distortions, through the notions of rectijiability and
uniform rectijiability. (See Chapter 3 below.) The BPI condition can be seen as
an extension of uniform rectifiability in which a simple model (like Eu~n
geometry) is not provided in advance.
~'t.e \ 7.
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One would like to say when two different sets have essentially the same kind
of structure. For this purpose there is a notion of BPI equivalence, defined in
the first chapter and developed in Chapter 7. This condition is weaker than
bilipschitz equivalence. (Think of having parts of your self-similar set break off.)
BPI equivalence is an equivalence relation, and uniformly rectifiable sets are
those BPI sets which are BPI equivalent to a Euclidean space. To ask about the
existence of special rules or patterns behind the structure of a BPI space one
can look for BPI-@quivalent models which are more perfectly self-similar.
There are also natural relations between BPI spaces, of one space being more
primitive than another. In Chapter 11 we discuss the concept of one BPI space
"looking down" on another. BPI equivalence implies "look-down" equivalence
(also discussed in Chapter 11), but the converse remains open. Some geometric
consequences of one space looking-down on another are derived in Chapter 12,
and a variety of special situations are discussed in Chapters 11 and 13. Related
examples are provided in Chapter 14.
Instead of looking at individual BPI sets we can also think about BPI ge
ometries, meaning equivalence classes of BPI sets. This leads to many natural
questions, e.g., how many BPI geometries are there, how can they be deformed,
to what extent are there plenty of continuous deformations or mostly a kind of
discreteness, how does the ordering induced by looking down behave, etc. Special
cases are treated in Chapters 15, 16, and 17.
We do not manage to go very far in this book towards definitive answers for
any of these questions. There are many examples and concepts and basic facts,
but no crisp theorems. The subject remains a wilderness, with no central zone,
and many paths to try.
The lack of main roadways is also one of the attractions of the subject. It en
joys diverse connections with other aspects of geometry and analysis, including
geometric measure theory, real analysis, bilipschitz and quasiconformal map
pings, asymptotic behavior of groups and manifolds, and dynamical systems.
We hope that the present text will be accessible to researchers in many areas,
and also to people interested in entering the field. Many open problems emerge
which are largely untouched, even for special cases and examples, and the general
language leads to new perspectives and questions about classical constructions.
The prerequisites for this book are relatively modest, and consist mainly of
basic knowledge of metric spaces and measure theory. While additional expertise
would sometimes be helpful, basic definitions are recalled when needed, with
adequate references to provide the reader with enough information to find out
or work out what is needed at the moment. The reader may find the exposition
[Se8] a helpful introduction to related aspects of geometry and analysis.
Much of this work was done during visits of the second author to the Institut
des Hautes Etudes Scientifiques, to which the authors are very grateful. The
second author was partially supported by the U.S. National Science Foundation.
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BASIC DEFINITIONS

I
\'

this chapter we define the notions of BPI spaces and BPI equivalence, which

I

~e central to our study of self-similar geometry.

For the record, a metric space is a nonempty set M together with a metric

d(x, y), which is to say a symmetric nonnegative function on M x M that vanishes
;xactly when x

= y and satisfies the triangle inequality
d(x,z) ~ d(x,y) +d(y,z)

(1.1 )

for all x, y, z EM. As usual, we write B( x, r) for the open ball in M with center
x and radius r, and B(x, r) for the closed ball. We shall write BM(X, r) when we
need to make M explicit. We denote by diam E the diameter of a subset E of M,
. which is defined by diamE = sup{d(x, y) : x, y E E}.
Next we define a weak notion of homogeneity for a metric space in terms of
the distribution of its mass.
Definition 1.1 (Ahlfors regularity) A metric space (M, d(x, y)) is said to be
(Ahlfors) regular of dimension d (or simply regular) if it is complete, has positive
diameter, and if there is a constant C > 0 so that

C- 1 r d S; Hd(B(x, r)) ~ C r d

(1.2)

for all x E M and 0 < r S; diam M, where Hd denotes d-dimensional Hausdorff
measure on M.
Recall that d-dimensional Hausdorff measure H d is defined as follows. Given
.A ~ M and c5 > 0 we set
Ht(A)

= inf{Lj(diamEj)d: {Ej} is a sequence of sets in M

(1.3)

which covers A and satisfies
diam Ej < c5 for all j}

=

and Hd(A)
lirno .... oHt(A). This defines an outer-measure on M which is
additive when restricted to Borel sets. A good general reference for Hausdorff
measures is provided by [MaJ.
A set A is said to have Hausdorff dimension d if HS(A) = 0 when s > d and
Hs (A) 00 when s < d. Ahlfors regularity determines the Hausdorff dimension
d, and it does so in a uniform and scale-invariant manner.
In practice the following observation makes it easier to check and use Ahlfors
regularity.

=

i

~;
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Basic definitions

Basic definitions

Lemma 1.2 Let (M, d(x, y)) be a complete metric space, and suppose that J.l is
a Borel measure on M with the property that there are positive constants K and
d such that
1 d
K- r ::; J.l(B(x, r)) ::; K r d
(1.4)
for all x E M and 0 < r ::; diamM. Then (M, d(x, y)) is regular with dimension
d, and there is a constant C depending only on K and d so that C-l J.l(E) ::;
Hd(E) ::; C J.l(E) for all Borel sets E ~ M.

.

We shall explain this in Section 5.3.
The next definition will be used to make comparisons between metric spaces.

Of course a conformally bilipschitz mapping is bilipschitz, but with a constant
that depends on the scale factor ..\. The reason for introducing this terminology is
we shall often try to compare pieces of metric spaces which lie within balls
of very different radii, and we shall want uniform estimates which make sense
;{:;'independently of the choice of radii.
Note that the composition of two conformally bilipschitz mappings is confor
bilipschitz, with suitable behavior the constants.
The following is our basic notion of "self-similarity" . It asks that for any pair
balls in the given space there be substantial subsets inside them which look
approximately the same in terms of conformal bilipschitz equivalence.

Definition 1.3 (Lipschitz and bilipschitz mappings) Let (M, d(x, y)) and
(N,p(11.,v)) be metric spaces. A mapping f: M --+ N is said to be Lipschitz if

Definition 1.5 (BPI spaces) A metric space (M, d(x, y)) is a BPI space ("big
pieces of itsel!,,) if it is regular of some dimension d and if there exist constants
C > 0 so that for each pair of balls B(Xl, rI) and B(X2, r2) in M with 0 <
rl,r2 ::; diamM there is a closed set A ~ B(xl,rI) with Hd(A) ~ ()rt and a
mapping h : A --+ B( X2, r2) which is C -conformally bilipschitz with scale factor

there is a constant C such that
p(J(x), f(y)) ::; C d(x, y)

(1.5)

for all x, y E M. We might say that f is C-Lipschitz to make the constant
explicit. We say that f is bilipschitz if there is a C so that
1

C- d(x, y) ::; p(J(x),f(y)) ::; C d(x, y)

r2/ r l'

(1.6)

for all x, y E M, and again we might say that f is C-bilipschitz to be more
explicit. Two spaces are said to be bilipschitz equivalent if there is a bilipschitz
mapping of one onto the other.

.,1\

Thus Lipschitz mappings do not expand distances very much, while bilipschitz
mappings do not expand or contract distances by more than a bounded factor.
If f : M --+ N is K-Lipschitz, then
Hd(J(A)) ::; K d Hd(A)

(1.7)

for all A ~ M. This follows directly from the definitions. Note that the two uses of
d
H here are not quite the same, since one refers to M, the other to N. Similarly,
if f is K-bilipschitz, then
K- d Hd(A) ::; Hd(J(A)) ::; J{d Hd(A).

The next definition introduces terminology which is convenient but not stan
dard.
spaces (M, d(x, y)) and (N, p(11., v)) and a mapping f : M --+ N between them,
we say that f is C-conformally bilipschitz if there is a ..\ > 0 such that

C- 1 ..\d(x, y) ::; p(J(x),f(y)) ::; C ..\d(x, y)
for all x, y EM. We call ..\ the scale factor. (In practice we may say that

C-conformally bilipschitz with scale factor ..\.)

(1.9)

f

is

Note that there is a uniform lower bound for r 2d Hd(h(A)) under the condi
tions above.
For us a ball B(x, r) has always finite radius. It is sometimes convenient to
write ranges of radii that theoretically permit r = 00, as in the definition above,
put whenever we write B(x, r) we implicitly restrict ourselves to finite radii.
By asking only that pairs of balls contain substantial subsets which look alike,
rather than whole replicas of each other, we have allowed a greater role for measure
theory in this notion of self-similarity than is customary. We have increased the
possibility for repetition, distortion, rupture, and clutter. The following notion
of BPI equivalence takes these possibilities into account. It says that two BPI
spaces are considered to be equivalent iffor any ball in the first space and any ball
in the second we can find substantial subsets which are conformally bilipschitz
equivalent to each other.
Definition 1.6 (BPI equivalence) Two BPI metric spaces (M, d(x, y)) and
(N,p(u,v)) with the same dimension d are said to be BPI equivalent if there
there exist constants K, a> 0 so that for any x E M, 0 < r::; diamM, 11. E N,
and 0 < t ::; diam N there exists a closed subset A of B M (x, r) with Hd(A) ~ a r d

(1.8)

Definition 1.4 (Conformally bilipschitz mappings) Given a pair of metric

3

and a K -conformally bilipschitz mapping <p : A

--+ B N ( 11., t) with scale factort/r.

We shall see that BPI equivalence defines an equivalence relation on BPI
spaces, and that two BPI spaces are BPI equivalent as soon as they contain a
pair of subsets of positive measure which are bilipschitz equivalent. We can think
of equivalence classes of BPI spaces as representing the same basic "geometry".
In Chapter 11 we shall discuss other relations between BPI spaces connected
to the idea that one space is more "primitive" than another.
Our first task will be to give some examples BPI geometries that arise natu
rally
in mathematics. Afterwards we establish basic facts about BPI spaces and
';'f
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BPI equivalence. In Chapters 8 and 9 we develop the themes of compactness
and convergence of metric spaces in connection with the BPI property and BPI
equivalence.

2
EXAMPLES
2.1

Euclidean spaces

The first example is Euclidean space R n equipped with the Euclidean metric.
This is certainly Ahlfors regular of dimension n (Hausdorff measure coincides
with Lebesgue measure in this case), and it is also BPI, because all balls are
conformally isometric to each other.
A union of two n-planes in some R m is also regular and BPI. In R n let {Xi};
be a sequence of points such that IXil = 2- i for each i. Then

E

= {O} U UB(Xi, T

i

)

(2.1)

is a regular set of dimension n which is BPI.
These two examples illustrate the kind of singularities, or failures of true self
similarity, that the BPI condition allows. On the other hand all of these sets are
BPI equivalent to each other. This also illustrates the idea that one might have
a BPI space that is not completely beautiful but for which there is a much nicer
space that represents the same BPI equivalence class.
2.2

The snowflake functor

Let (M, d(x, y)) be a metric space. Given a real number 0 < s < 1 consider the
space (M, d(x, Y)'). This is still a metric space, as is well known. We call this
transformation of (M, d(x, y)) into (M, d(x, y)') the snowflake functor.
It is important here that s::; 1; if s > 1, then in general D(x,y) = d(x,y)' is
only a quasimetric, which means that the triangle inequality should be weakened
to

D(x, z) ::;

f{

{D(x, y)

+ D(y, z)}

(2.2)

for some K > 0 and all x,y,Z E M. Conversely it turns out that if D(x,y) is a
quasimetric, then there exists a metric d(x, y) and constants C, s ~ 1 such that

C- 1 d(x,y)'::; D(x,y)::; Cd(x,y)'

!',~

.~~.'

'ill'

(2.3)

for all X and y. This is essentially the content of the proof of Theorem 2 in [MS].
The term snowflake here stems from the classical examples of snowflake curves
in the plane, e.g., the Von Koch snowflake. When these constructions are made
in a sufficiently regular manner they turn out to be bilipschitz equivalent to the
standard line, interval, or circle (as appropriate), but with the metric deformed

6

Examples

Other fractals

as in the snowflake functor for a suitable power s. The snowflake functor simply
makes this idea abstract and applicable to any metric space. One should think of
the classical snowflake pictures though, and their very crinkled shapes.
If (M, d(x, y)) is regular of dimension d, then (M, d(x, y)S) is regular of di
mension dis. If (M, d(x, y)) is BPI, then so is (M, d(x, yY). This is an easy
consequence of the definitions.
2.3

Cantor sets

Rather than discussing Cantor sets as explicitly constructed subsets of Euclidean
spaces, we shall prefer to work with them in a more symbolic and abstract manner.
Let F be a finite set with k 2:: 2 elements. Let F OO denote the set of sequences
{x;}~l with Xi E F for each i. FOO is our Cantor set, which we might call the
k-Cantor set to be precise. It is a compact Hausdorff space when one gives it the
usual product topology coming from the discrete topology on each factor of F.
We want our Cantor sets to be metric spaces, though. Given x = {xd and
y = {yd in Foo, let L(x, y) = l if l is the largest integer such that Xi = Yi when
1 ::; i ::; l, and set L(x, y) = 00 when X = y. (L(x, y) = 0 is allowed.) Given
0< a < 1 set
da(x,y)=aL(x,y),
(2.4)

=

where the right side is interpreted to be 0 when L(x, y)
00. This defines a
oo
metric on F , and in fact it is an ultrametric, which means that

da(x, z) ::; max{da(x, y), da(y, z)}

(2.5)

for all x, y, z. These metrics are all related by the snowflake functor, i.e., da(x, y) =
db(x, y)S when a = bS.
There is a natural probability measure p. on F oo , defined as follows. Let v
denote the probability measure on F that assigns mass 11k to each element of
F. We take p. to be the infinite product of copies of v.
Given x
{x;} E FOO and a nonnegative integer j, the ball Ba(x, aj) with
respect to the metric da(x, y) consists of the points y = {y;} E Foo such that
Yi
Xi when i ::; j. Thus
p.(Ba(x, aj )) = k- j .
(2.6)
OO
Using this it is easy to check that (F , da(x, y)) is regular of dimension d, where
d is determined by the equation

=

=

ad

= k- 1 .

(2.7)

Notice that we get all possible 0 < d < 00 by varying a in (0,1).
It is easy to see that each space (FOO,da(x,y)) is BPI. Again, like Euclidean
spaces, these spaces are much better behaved than that, they have much more
symmetry, but one can modify them and still get BPI spaces.
These symbolic Cantor sets are bilipschitz equivalent to the standard self
similar Cantor sets constructed in Euclidean spaces. The original middle-thirds

7

set, for instance, is bilipschitz equivalent to (FOO,da(x,y)) with k = 2 and a =
1/3. This is easy to check.
We have described here the simplest and most classical geometries to put on
Cantor sets, but they are not the only possibilities. Instead of defining a metric
on F oo as above, using a single number a, we can use a function a : F -+ (0,1),
as follows. Let X = {x;} and y = {y;} in F OO be given, and let L(x, y) be as
above. Define the distance between x and y to be

L(x,y)

IT

a(xi)'

(2.8)

i=l

This agrees with the previous definition when a is constant. One can check that
this defines a metric on Foo, in fact an ultrametric, in such a way that F OO is
again Ahlfors regular and BPI.
There is a general recipe for "twisting" the geometry of Cantor sets that we
shall discuss in detail later, and which will be shown to be exhaustive in a certain
sense (see Chapter 16). It is not clear in general which of these geometries is BPI.
Bilipschitz and BPI equivalence turn out to be tricky even in very self-similar
situations.
2.4

Other fractals

This time we do construct our sets inside of the plane R 2 for simplicity. Let Q
denote the unit square [0,1] x [0,1] in R 2 . We can decompose Q into 9 (closed)
subsquares Qi in the obvious manner, so that the Qi'S have disjoint interiors and
sidelength 1/3.
Now suppose that we take Q and replace it with the union of all the Qi's
except the one in the center of Q. This produces a set K 1 which is the union
of 8 squares. We can now apply this process to each of these squares, and then
repeat the procedure indefinitely, to get a sequence of compact sets {Kj} in the
plane, where each K j consists of Bi squares of sidelength 3- j , and where these
squares have disjoint interiors. Set K = j Kj. This defines a compact subset of
R 2 which is called the Sierpinski carpet (see Figure 2.1).
There is a natural probability measure p. on K, which can be defined as
follows. For each j let p.j denote the probability measure on K j which is just
(9/8)j times Lebesgue measure. Then {p.j} converges in the usual weak topology
to a probability measure p. on I{. One can also realize I{ as the continuous image
of an 8-Cantor set F oo in the obvious manner, and obtain the measure from the
one on the Cantor set. One of the main properties of our measure p. on K is that
if S is one of the 8j squares of which K j is composed, then the piece of I{ inside
S has mass 8- j . It is not hard to check that K is regular of dimension d, where
d
3
8, and that [{ is BPI. (Each S n K is an exact replica of the original.)
We can modify this construction to get a fractal tree instead. For this we
replace the initial square Q with the union of the five squares among the Qi'S
which consist of the four in the corners and the one in the middle. This also gives

n
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A general procedure

1111i"

FIG.

FIG. 2.3.

2.1. The Sierpinski carpet

The Sierpinski gasket

~
FIG.

FIG. 2.2.

A fractal tree

an Ahlfors regular BPI set of dimension d determined by 3 d = 5. In this case the
set is a fractal tree (see Figure 2.2).
Another example is given by the Sierpinski gasket. In this case we start with
an equilateral triangle, we subdivide it into 4 subtriangles of equal size, and we
keep the three in the corners and remove the one in the middle. This again leads
to an Ahlfors regular BPI set (see Figure 2.3)
These examples are different in their geometry in terms of the number of
ways that there are to connect points within the sets by curves of finite length.
There are a lot more curves of finite length in the Sierpinski carpet than in
the other two examples. There are many more rectifiable curves in Euclidean
spaces of dimension> 1 than in the Sierpinski carpet, even if one accounts for
the difference in the dimension. In Cantor sets there are no nontrivial curves
whatsoever. In snowflakes there are plenty of nontrivial curves but no nontrivial
rectifiable curves.

.2.5

2.4. Another fractal tree

A general procedure

Let Q denote the unit cube in R n. ("Cubes" should be interpreted as closed
cubes here.) Fix an integer M, and subdivide Q into Mn subcubes of size M- 1
in the obvious manner. Let S denote the collection of these subcubes.
Let R be a proper subset of S. We think of R as being a "rule" for defining
a (probablY fractal) subset of Q. That is, we start with Q, we replace it with
the cubes in R, we identify each with Q in order to replace it with a collection
of subcubes like R, etc. If R has k elements, then this procedure produces a
decreasing sequence of compact sets {A j }, where A j consists of k j cubes of size
M-j. We take A to be the intersection of all the A/s.
This procedure includes traditional Cantor sets and the examples of the pre
vious section. Additional examples and their rules are given in Figures 2.4-2.8.
. The limiting set A obtained in this way is Ahlfors regular of dimension d,
where M d = k. This is not hard to check. One can do the following, for instance.
Let Pj denote the probability measure on R n supported on A j which is uniformly
distributed on Aj (with respect to Lebesgue measure). Thus Pj assigns measure
k- j to each of the constituent cubes in A j . It is not very difficult to see that {Pj}
converges weakly on R n to a probability measure p. If Q is one of the constituent
cubes of Aj, then one can easily check that
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A general procedure

I[
k- j ~ J.!(Q) ~ C(n) k- j

(2.9)
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FIG. 2.5.

More cubes in the middle
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FIG. 2.6.

=-=

More cubes near the bottom
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FIG. 2.7.

Fractal train tracks

A
FIG. 2.8.

The gates to knowledge

where C(n) depends only on n. In fact one can be careful and get C(n)
1,
but in related situations one has to think more about the possibility of mass
accumulating on common faces of cubes.
This set is clearly BPI. Indeed, the set look the same modulo translations and
'! dilations in each of the constituent cubes in A j .
Fix M and k, and consider the collection of rules that we have described as
defining a small universe of their own. This collection is typically not so small
,8ft,er all, since we are talking about choosing k elements from a set of cardinality
,'Mn , and the number of ways of doing this can be quite large. Even with modest
.Choices of the parameters there can be substantial variety in the phenomena that
'can occur, as indicated by the examples shown in this section and in the preceding
:tine.
Let us think of this as a small universe of BPI sets and ask about the way that
ey compare with each other. Many rules will give practically the same result.
In some cases this will be true in a very strong way, for instance if two rules are
just translations of each other. In other cases it will be true in a more flexible
anner. If a cube in a rule is isolated from the others, and it is moved to another
,position that is isolated from the others, then the change is not very important.
,:trhere are many ways to get a set which amounts to a standard Cantor set. Even
ri{ cubes are not isolated from each other, it will frequently make no difference
whether a chain of them points to the right or to the left.
One can formulate natural notions of combinatorial equivalence. A basic ques
tion then is to what extent the combinatorics can be recaptured from the metric
geometry. One can make combinatorial criteria for two sets generated by these
roles to be bilipschitz equivalent, but what about the converse? How much of the
'combinatorial structure of the rules has to be the same if the resulting sets are
:bilipschitz equivalent?
This is not so clear.
Here is a simple example. Take n
1, M
5, and k
3. A rule consists
r"(;)f choosing three of the five equal pieces of the unit interval. Define one rule by
. ing the first, third, and fifth subintervals, and define a second rule by taking
.e first, fourth, and fifth. Consider the two sets that result from these two rules.
'are they bilipschitz equivalent? We do not know. There is an obvious mapping
.from the first set onto the second which is Lipschitz but far from bilipschitz, but
': the, absence of any bilipschitz mapping is not clear. We shall discuss this example
Inore later, beginning in Section 11.6.
This example illustrates another point that we shall discuss later, the idea that
'v One set can be more scattered than another, in the sense that there is a Lipschitz
,;!j', mapping from one onto the other. We shall discuss this further in Chapter 11. In
;"fC OUr small universe of rules we see again that there can be simple combinatorial
~i; ~easons for one of our sets to map onto another in a Lipschitz manner. For
Instance, if all the cubes in the rule are isolated from each other, then the resulting

=

.1;:

=

=

12

I11111I

I;

Examples

set can be mapped onto any other (in this universe) in a simple way. Again it is
not clear what combinatorial conditions are necessary for the existence of such a
mapping.
Thus in this small universe we can ask how the various rules are related
combinatoriallyand in terms of the geometry of the sets that they generate. The
collections of rules are rich enough to allow for some nontrivial relationships.
In this class of examples we have a nice illustration of the ideas of comparing
BPI geometries, and having families of BPI geometries, rather than looking at
BPI spaces as isolated objects.
One can also think about what happens when one builds sets by applying one
rule after another, but maybe not the same rule each time. With a fixed choice of
M and k, though, to have Ahlfors regularity anyway. This provides a way to build
a large collection of sets in a way that one can describe - "parameterize" - and
perhaps even analyze. It is natural to ask whether a set which is constructed in
this manner and which has BPI should have some combinatorial structure behind
it. We do not know the answer to this question. One can consider this question
more generally for BPI spaces, but it is more crisp here.
We shall discuss these constructions further in Chapter 13.
2.6

Limit sets of discrete groups

For simplicity of exposition we shall permit ourselves to use more specialized
terminology in this section without much explanation. We hope that the reader
not acquainted with these topics will still get a flavor of the examples, for which
we shall provide references.
d 1
Let H + denote d-dimensional hyperbolic space, viewed as the unit ball in
R d+l equipped with the familiar metric. Let r be a discrete group of isometries
on Hd+l, which are Mobius transformations that can be extended also to the unit
sphere Sd. Under the "convex cocompact" assumption, Sullivan [SuI] has shown
that the limit set of r is an Ahlfors regular set. (See also [Su2], especially Theorem
10.) One can use the convex cocompactness to show that the group visits all scales
and locations on the limit set (this is better imagined in terms of the orbit of "y
in hyperbolic space), in such a way that the geometry of Mobius transformations
implies that the limit set is BPI. (In this case there is not a question of finding
clever subsets of the space, one can just work with balls themselves.)
Sullivan's work was extended by Coornaert [Co] to groups acting on spaces
of negative curvature in the sense of Gromov. In this case one has to be careful
about what plays the role of the sphere at infinity, but there is a version of this.
Under a convex-cocompactness assumption, Coornaert also establishes Ahlfors
regularity of the limit set in the space at infinity. If we have understood this
correctly, this limit set is BPI, and this method applies for instance to the case
case of any compact negatively curved Riemannian manifold, acted on by the
group of deck transformations. In this case the group is cocompact, and the limit
set is the whole space at infinity.

3
COMPARISON WITH RECTIFIABILITY
3.1

Rectifiable sets in R n

let d and n be integers,

a < d < n, fixed.

J;)efinition 3.1 (Rectifiable sets) A subset E of R n is said to be rectifiable
,if there exists a sequence of subsets {Ej } of E, each bilipschitz equivalent to a
';,ubset ofRd, such that Hd(E\U j E j ) = O.
. Strictly speaking we should say something like "rectifiable of dimension d" ,
but it is simpler to let the dimension be understood implicitly.
Rectifiable sets are approximately Euclidean in their geometry. They need
'riot be BPI, because no quantitative estimates are required, but the principle is
$imilar. If E is measurable and rectifiable, then almost all points of E lie in an
Ej, and therefore almost all points are points of density for some Ej. This means
~at there is a thick copy of a piece of a Euclidean space near the given point.
One of the nice features of rectifiability is that it is a very stable condition.
Jnstead of asking that the Ej's be bilipschitz equivalent to subsets of R d we could
'f¥lk that they be Lipschitz images ofsubsets of R d , and we would get an equivalent
/tondition. If instead we asked that they lie on C 1 manifolds of dimension d we
'Would also get an equivalent condition. At bottom these equivalences come from
the fact that Lipschitz functions on Euclidean spaces are differentiable almost
!everywhere. A convenient consequence of this fact is that a Lipschitz function f
"on a Euclidean space can be modified on a set of arbitrarily small measure to
get a C 1 function.
These rigidity properties of Lipschitz mappings lead to stability properties
.of geometry, i.e., approximately Euclidean geometry in a weak sense implies
~pproximately Euclidean behavior that appears to be much stronger. Covering
idmost everywhere by Lipschitz images ofRd implies covering almost everywhere
by C 1 manifolds. Similarly, there are theorems which characterize rectifiability in
. terms of the requirement that for almost all points p in E the part of E near plies
mostly in a cone about a d-plane, and then this condition implies the apparently
. stronger property that the part of E near almost any point lies asymptotically
close to ad-plane.
These stability properties help to make for nontrivial theorems about recti
fiable sets. One can then ask whether similar phenomena hold for other kinds
of geometries, such as the snowflakes and Cantor sets and fractals described in
Chapter 2. The basic answer seems to be no, because of the absence of any rigid
ity theorems akin to differentiability almost everywhere. We say "seems" because

it is not always clear how to formulate such rigidity theorems. Although the most
obvious formulations fail, there does appear to be some room for structure. For
instance, one might expect that there is more structure to a Sierpinski carpet
because it has lots of rectifiable curves, even if there is not so much structure as
for Euclidean spaces.
At any rate, in general one cannot expect results of the type "bounded equiv
alence implies asympt<.>tic equivalence" , as one has in the context of rectifiability
and the differentiability of Lipschitz functions almost everywhere.
One reason for defining the concept of BPI sets is to provide a setting where
we can ask ourselves such questions. Even if there are not so many rigidity results
to be found, the lack of rigidity ought to have some interesting consequences for
geometry. If we have a geometry which is not very rigid, then it should be easier
to deform it, for example. One of the points of BPI is to try to have a language
for formulating this idea in a precise way. More generally, one would like to be
able to talk about different geometries at once, and moving between them.
Although this kind of incredibly strong rigidity does not work for most other
spaces, there are other types of rigidity to look for, as we shall see. One can
say that Euclidean geometry is incredibly un-rigid in terms of being able to map
spaces into an easily, while it is very rigid in the opposite way, in the difficulty
with mapping an into other spaces without having some very special structure.
One can hope that there is some nontrivial "total" rigidity for other spaces,
that the extent to which mappings on a given space do not have to have special
structure is balanced by the special structure that is required for mappings into
the space.
See [Fl, Fe, Ma] for more information about rectifiability.
3.2 Uniform rectifiability
Uniform rectifiability is a variant of the notion of rectifiability which comes with
uniform and scale-invariant estimates. Again let d and n be fixed integers with

0< d

< n.

Definition 3.2 (Uniform rectifiability) A subset E of an is said to be uni
formly rectifiable if it is Ahlfors regular (of dimension d) and if there exist con
stants M, (J > 0 so that for each x E E and 0 < r ::; diamE there is a subset A
of En B(x, r) such that

and
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Hd(A) 2: (Jr d

(3.1)

A is M -bilipschitz equivalent to a subset of ad.

(3.2)

This condition implies ordinary rectifiability (this is not to hard to show), but
it is much stronger, because of the uniform bounds. This particular definition of
uniform rectifiability should not be taken too seriously, in the sense that there
are many equivalent conditions. See [D4, DS2, DS4, Se3] for more information.
We could obviously extend the definition of uniform rectifiability to metric spaces

instead of just subsets of Euclidean spaces, but some results about uniform recti
fiability do not make sense in the abstract setting, and some are just not known.
(Similar considerations apply to ordinary rectifiability.)
Proposition 3.3 Uniformly rectifiable sets are BPI.
To prove this we use the following.
Lemma 3.4 Suppose that All A 2 are two measumble subsets of the unit ball
B(O,1) in ad, with IAil ~ 15 for some 15 > O. (Here IAI denotes the Lebesgue
measure of A.) Then there is a point z E B(O, 2) such that

l'Tz(Ad nA 2 1 ~ C- l J 2 ,
where 'Tz : ad --+ ad is the tmnslation 'Tz (x)
to be the volume of B(O,2).

=x -

ZI

(3.3)

and where C can be taken

Indeed, Fubini's theorem implies that
{
lB(o,2)

( (
lB(o,l)

lTz(Ad (y) lA 2 (y) dY ) dz

~ 15

lA 2 (y) dy

(
lB(o,l)

~ 15 2 ,

(3.4)

where lA denotes the characteristic function of A. Hence
;\i

~-{;

1

152

lTz(Ad(Y) lA 2 (y) dy ~ -.-,

(3.5)

B(O,l)

for some z E B(O, 2), as desired.
The proposition is an easy consequence of the lemma. Indeed the lemma says
that two bounded subsets of a Euclidean space of definite size always have subsets
of definite size which are isometric (one is the image of the other by a translation).
There is an obvious extension of this to subsets of balls of different size (with
dilations used too), and the proposition follows from this extended version.
Of course we (the authors) began this story with uniform rectifiability and
. the question of whether there was something like it for other geometries. As in
the comments at the end of the preceding section, we cannot expect anything
like uniform rectifiability in its full glory for general BPI geometries, too much
structure is missing. But again BPI provides a setting in which to ask certain
questions, and to look at how geometries behave differently when one does not
have so much structure as in uniform rectifiability.

