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Introduction
Alessio Corti

1.1

Minimal models of surfaces

In this book, we generalise the following theorem to 3-folds and 4-folds:
Theorem 1.1.1 (Minimal model theorem for surfaces) Let X be a non-singular projective
surface. There exists a birational morphism f : X → X  to a non-singular projective
surface X  satisfying one of the following conditions:
X  is a minimal model: KX  is nef, that is, KX  · C ≥ 0 for every curve C ⊂ X  ; or
X  is a Mori ﬁbre space: X  ∼
= P2 or X  is a P1 -bundle over a non-singular
curve T .
This result is well known; the classical proof runs more or less as follows. If X does
not satisfy the conclusion, then X contains a −1-curve, that is, a non-singular rational
curve E ⊂ X such that KX · E = E 2 = −1. By the Castelnuovo contractibility theorem,
a −1-curve can always be contracted: there exists a morphism f : E ⊂ X → P ∈ X1
that maps E ⊂ X to a non-singular point P ∈ X1 and restricts to an isomorphism
X  E → X1  {P}. Viewed from P ∈ X1 , this is the blow up of P ∈ X1 . Either X1
satisﬁes the conclusion, or we can continue contracting a −1-curve in X1 . Every time we
contract a −1-curve, we decrease the rank of the Néron–Severi group; hence the process
must terminate (stop).

1.2

Higher dimensions and ﬂips

The conceptual framework generalising this result to higher dimensions is the wellknown Mori program or minimal model program. The higher-dimensional analog
f : X → X1 of the contraction of a −1-curve is a (extremal) divisorial contraction.
Even if we start with X non-singular, X1 can be singular. This is not a problem: we
now know how to handle the relevant classes of singularities, for example the class of
terminal singularities. The problem is that, in higher dimensions, we meet a new type of
contraction:
Deﬁnition 1.2.1 A small contraction is a birational morphism f : X → Z with connected
ﬁbres such that the exceptional set C ⊂ X is of codimension codimX C ≥ 2.
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When we meet a small contraction f : X → Z, the singularities on Z are such that the
ﬁrst Chern class does not lift to H 2 (Z, Q): it does not make sense to form the intersection
number KZ · C with algebraic curves C ⊂ Z. We need a new type of operation, called
a ﬂip:
Deﬁnition 1.2.2 A small contraction f : X → Z is a ﬂipping contraction if KX is antiample along the ﬁbres of f . The ﬂip of f is a new small contraction f  : X  → Z such
that KX  is ample along the ﬁbres of f 
It is conjectured that ﬂips exist and that every sequence of ﬂips terminates (that is,
there exists no inﬁnite sequence of ﬂips).

1.3

The work of Shokurov

Mori [Mor88] ﬁrst proved that ﬂips exist if X is 3-dimensional. It was known (and, in
any case, it is easy to prove) that 3-fold ﬂips terminate; thus, Mori’s result implied the
minimal model theorem for 3-folds.
In his work [Sho03], Shokurov announced a proof of the existence of ﬂips in dimension ≤ 4, completing a program started in [Sho92, Kol92]. In fact, Shokurov studies a
more general kind of ﬂip.
Deﬁnition 1.3.1 
In this book, a pair always means a pair (X , B) where X is a normal
variety, and B = bi Bi is a Q-divisor on X such that K + B is Q-Cartier.
Occasionally, B is a R-divisor, and then K + B is required to be R-Cartier.
Let us consider a pair (X , B). For the program to work, the pair needs to have klt
singularities. The precise deﬁnition is given elsewhere in this book and it is not important
for the present discussion; the condition implies that all
 0 < bi < 1 and it is satisﬁed, for
example, if X is non-singular and the support of B = bi Bi is a simple normal-crossing
divisor.
Deﬁnition 1.3.2 A small contraction f : X → Z is a klt ﬂipping contraction if the pair
(X , B) has klt singularities and KX + B is anti-ample on the ﬁbres of f . The klt ﬂip of f
(or, simply, the ﬂip of f , when no confusion is likely to arise) is a new small contraction
f  : X  → Z such that KX  + B is ample on the ﬁbres of f 
In this book, we prove the following:
Theorem 1.3.3 The ﬂips of klt ﬂipping contractions f : (X , B) → Z exist if dim X ≤ 4.
It is known from the work of Kawamata [Kaw92, Kol92] that 3-fold klt ﬂips terminate. At the time of writing, it is not known, in full generality, that klt ﬂips terminate in
dimension ≥ 4; this book leaves the following general question open.
Problem 1.3.4 Show that klt ﬂips terminate in dimension ≥ 4.
Remark 1.3.5 The recent work [BCHM06] settles the important special case of termination of klt ﬂips of the minimal model program with scaling, see Section 1.21 below
for a discussion of this result and some of its consequences.

The aim of this book 3
1.4

Minimal models of 3-folds and 4-folds

It is known from [KMM87] that ordinary (that is, terminal) 4-fold ﬂips terminate. It
follows from Theorem 1.3.3 that ordinary 4-fold ﬂips exist; thus, we have the following
consequence:
Theorem 1.4.1 (Minimal model theorem for 3-folds and 4-folds) Let X be a nonsingular projective variety of dimension ≤ 4. There exists a birational map X  X 
to a projective variety X  (with terminal singularities) satisfying one of the following
conditions:
X  is a minimal model: KX  is nef, that is, KX  · C ≥ 0 for every curve C ⊂ X  ; or
X  is a Mori ﬁbre space: There exists a morphism ϕ : X  → T to a variety T of
smaller dimension, such that KX  is anti-ample on the ﬁbres of ϕ. A morphism
with these properties is called a Mori ﬁbre space.
Because 3-fold klt ﬂips terminate [Kaw92, Kol92], we also have the following:
Theorem 1.4.2 (Minimal
 model theorem for klt 3-folds) Let X be a non-singular projective 3-fold and B =
bi Bi a Q -divisor on X , where 0 < bi < 1 and the support of
B is a simple normal crossing divisor. There exists a birational map f : X  X  to a
projective 3-fold X  such that the pair (X  , B = f∗ B) has klt singularities and satisﬁes
one of the following conditions:
(X  , B ) is a klt minimal model: KX  + B is nef, that is, (KX  + B ) · C ≥ 0 for
every curve C ⊂ X  ; or
(X  , B ) is a klt Mori ﬁbre space: There exists a morphism ϕ : X  → T to a variety
T of smaller dimension, such that KX  + B is anti-ample on the ﬁbres of ϕ. A
morphism with these properties is called a klt Mori ﬁbre space.
If we knew that 4-fold klt ﬂips terminated, then we could immediately generalise
Theorem 1.4.2 to 4-folds.

1.5

The aim of this book

A large part of this book is a digest of the great work of Shokurov [Sho03]; in particular,
we give a complete and essentially self-contained proof of existence of 3-fold and 4-fold
klt ﬂips.
Shokurov has introduced many new ideas in the ﬁeld and has made huge progress
on the conjectures on existence and termination of higher-dimensional ﬂips. However,
[Sho03] is very difﬁcult to understand; in this book, we rewrite the entire subject from
scratch.
Shokurov’s proof of existence of 3-fold ﬂips is conceptual. Chapter 2 on 3-fold ﬂips
aims to give a concise, complete, and pedagogical proof of the existence of 3-fold ﬂips. I
have written up the material in great detail, with the goal to make it accessible to graduate
students and algebraic geometers not working in higher dimensions. I assume little prior
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knowledge of Mori theory; the reader who is willing to take on trust a few general results
can get away with little knowledge of higher-dimensional methods.
The treatment of 4-fold ﬂips in [Sho03] is much harder than that of 3-fold ﬂips.
It uses everything from the 3-fold case and much more. We tried our best to understand this argument and, after years of work, there are still a few places that we do not
completely understand. Fortunately, Hacon and Mc Kernan [HM05] have found a better
approach that proves a stronger theorem valid in all dimensions. Their ideas are a natural
development of Shokurov’s 3-dimensional proof. In Chapter 5, Hacon and Mc Kernan
give a self-contained account of their work, showing in particular the existence of
4-fold ﬂips.
Our main focus is to give a complete, self-contained, and mathematically solid proof
of the existence of ﬂips in dimension 3 and 4. To do this, we felt the need to rework
or survey some of the foundations, particularly where results are scattered in the literature across papers by various authors often following incompatible conventions, see
Chapters 3, 4, and 8. However, this book is not a textbook. The aim of this book is
to help and stimulate research in higher-dimensional algebraic geometry. This presents
some problems for the reader but also some opportunities. The material is not organically
developed from ﬁrst principles, as it would be natural to expect in a textbook. The payoff
is that we are able to present in a coherent form some cutting-edge content in a rapidly
evolving research area.
In the rest of the Introduction, I explain the main ideas of the proof of existence of
3-fold and 4-fold ﬂips, and brieﬂy discuss the contents of the individual chapters. I also
brieﬂy touch on the recent preprint [BCHM06].

1.6

Pl ﬂips

The main result of [Sho92], reworked and generalised to higher dimension in [Kol92,
Chapter 18], is a reduction of klt ﬂips to pl ﬂips. We review and expand the proof in
Chapter 4. I brieﬂy recall the basic deﬁnitions.
In what follows, I consider a normal variety
X and a Q -divisor S + B on X . In this
notation, S is a prime Weil divisor and B =
bi Bi is a Q -divisor with 0 < bi < 1
having no component in common with S. The pair (X , S + B) is required to have plt
singularities. This notion is similar to klt singularities, but it is more general: the main
difference is that the components of S appear in the boundary with coefﬁcient 1. The
precise deﬁnition is discussed later in the book and it is not crucial for understanding
the outline of the proof; for example, the condition holds if X is non-singular and the
support of S + B is a simple normal crossing divisor.
Deﬁnition 1.6.1 A pl ﬂipping contraction is a ﬂipping contraction f : X → Z for the
divisor K + S + B, such that S is anti-ample along the ﬁbres of f . The ﬂip of a pl ﬂipping
contraction is called a pl ﬂip.
Theorem 1.6.2 ( See [Sho92, Kol92] and Chapter 4.) If n-dimensional pl ﬂips exist and
terminate, then n-dimensional klt ﬂips exist.
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Termination of n-dimensional pl ﬂips, also called special termination, is essentially
a (n − 1)-dimensional problem; this matter is treated in detail in Chapter 4.
The idea of pl ﬂips is as follows. Because S is negative on the ﬁbres of f , S contains all
the positive dimensional ﬁbres of f and hence the whole exceptional set. Thus, S contains
information about the whole exceptional set. We may hope to reduce the existence of
the ﬂip to a problem that we can state in terms of S alone. Then we can hope to use the
birational geometry of S to solve this problem. With luck we eventually construct ﬂips
by induction on dim X .

1.7

b-divisors

I give a short introduction to Shokurov’s notion of b-divisors. The language of b-divisors
is, strictly speaking, not required for the construction of 3-fold ﬂips in Chapter 2.
Also, b-divisors are not explicitly used in the work of Hacon and Mc Kernan on higherdimensional ﬂips, but they play an important role implicitly: for instance, Lemma 5.3.19
states that an object crucial for the proof is a b-divisor. Shokurov and others use b-divisors
extensively; in particular, Shokurov’s important ﬁnite generation conjecture is stated in
terms of b-divisors. Essentially, b-divisors are equivalent to sheaves of fractional ideals,
and several constructions associated with the discrepancy b-divisor have a counterpart as
multiplier ideal sheaves. Here I give a very quick introduction; more detail on b-divisors
can be found in Chapter 2.
We always work with normal varieties. A model of a variety X is a proper birational
morphism f : Y → X from a (normal) variety Y .
Deﬁnition 1.7.1 A b-divisor on X is an element:
D ∈ Div X = lim Div Y ,
Y →X

where the (projective) limit is taken over all models f : Y → X under the push-forward
homomorphism f∗ : Div Y → Div X . A b-divisor D on X has an obvious trace DY ∈
Div Y on every model Y → X .
Natural constructions of divisors in algebraic geometry often give rise to b-divisors.
For example, the divisor divX ϕ of a rational function, and the divisor divX ω of a rational
differential, are b-divisors. Indeed, if f : Y → X is a model, and E ⊂ Y is a prime divisor,
both mult E ϕ and mult E ω are deﬁned.
A b-divisor on X gives rise to a sheaf OX (D) of OX -modules in a familiar way: if
U ⊂ X is a Zariski open subset, then
OX (D)(U ) = {ϕ ∈ k(X ) | D|U + divU ϕ ≥ 0}.
In general, this sheaf is not quasicoherent; however, it is a coherent sheaf in all cases of
interest to us. We write H 0 (X , D) for the group of global sections of OX (D) and denote
by |D| = PH 0 (X , D) the associated ‘complete’ linear system. It is crucial to understand
that H 0 (X , D)  H 0 (X , DX ); the language of b-divisors is a convenient device to discuss
linear systems with base conditions. Thus, b-divisors are often equivalent to sheaves of
fractional ideals.
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Example 1.7.2 The Q-Cartier closure of a Q -Cartier (Q -)divisor D on X is the b-divisor
D with trace
DY = f ∗ (D)
on models f : Y → X .
If f : Y → X is a model and D is a Q -Cartier (Q -)divisor on Y , we abuse notation
slightly and think of D as a b-divisor on X . Indeed, f∗ identiﬁes b-divisors on Y with
b-divisors on X .
Example 1.7.3 Consider a pair (X , B) of a normal variety X and Q-divisor B; recall that
we always assume that K + B is Q-Cartier. The discrepancy b-divisor A = A(X , B) is
deﬁned by:
KY = f ∗ (KX + B) + AY
for all models f : Y → X .
Deﬁnition 1.7.4(1) A b-divisor D on X is b-(Q)-Cartier if it is the Cartier closure of a
(Q)-Cartier divisor D on a model Y → X .
(2) When Y → X is a model and D = DY , we say that D descends to Y .

1.8

Restriction and mobile b-divisors

Deﬁnition 1.8.1 Let D be a b-Q -Cartier b-divisor on X and S ⊂ X an irreducible normal
subvariety of codimension 1 not contained in the support of DX . I deﬁne the restriction
D0 = resS D of D to S as follows. Pick a model f : Y → X such that D = DY ; let S  ⊂ Y
be the proper transform. I deﬁne
resS D = DY |S  ,
where DY |S  is the ordinary restriction of divisors. (Strictly speaking, DY |S  is a b-divisor
on S  ; as already noted, b-divisors on S  are canonically identiﬁed with b-divisors on S
via push forward.) It is easy to see that the restriction does not depend on the choice of
the model Y → X .
Deﬁnition 1.8.2 An integral b-divisor M is mobile if there is a model f : Y → X ,
such that
(1) M = MY is the Cartier closure of MY , and
(2) the linear system (of ordinary divisors) |MY | is free on Y .
Remark 1.8.3 The restriction of a mobile b-divisor is a mobile b-divisor.

1.9

Pbd-algebras

Deﬁnition 1.9.1 A sequence M• = {Mi | i > 0 integer} of mobile b-divisors on X is
subadditive if M1 > 0 and
Mi+j ≥ Mi + Mj

Restricted systems and 3-fold pl ﬂips 7
for all positive integers i, j. The associated characteristic sequence is the sequence Di =
(1/i)Mi of b-Q -Cartier b-divisors. We say that the characteristic sequence is bounded
if there is a (ordinary) Q -Cartier divisor D on X such that all Di ≤ D.
Remark 1.9.2 The characteristic sequence of a subadditive sequence is convex; that is,
D1 > 0 and
i
j
Di +
Dj
for all positive integers i, j.
Di+j ≥
i+j
i+j
Deﬁnition 1.9.3 A pbd-algebra is a graded algebra

R = R(X , D• ) =
H 0 (X , iDi ),
i≥0

where Di = (1/i)Mi is a bounded characteristic sequence of a subadditive sequence M•
of b-divisors.
A systematic treatment of pbd-algebras can be found in Section 2.3.45.

1.10

Restricted systems and 3-fold pl ﬂips

Consider a pl ﬂipping contraction f : X → Z for the divisor K + S + B. Let r > 0 be a
positive integer and D ∼ r(K + S + B) a Cartier divisor on X ; it is well known that the
ﬂip of f exists if and only if the algebra

R = R(X , D) =
H 0 (X , iD)
i≥0

is ﬁnitely generated (in fact, in that case, the ﬂip is the Proj of this algebra). The ﬁrst
step is to interpret R as a suitable pbd-algebra.
Deﬁnition 1.10.1 Let D be a Cartier divisor on X . The mobile b-part of D is the b-divisor
Mob D with trace
(Mob D)Y = Mob f ∗ D
on models f : Y → X , where Mob f ∗ D is the mobile part of the divisor f ∗ D (the part of
D that moves in the linear system |f ∗ D|).
Choose, as above, a Cartier divisor D ∼ r(K + S + B). Denote by Mi = Mob iD
the mobile part and let Di = (1/i)Mi ; then, tautologically,
R = R(X , D) = R(X , D• )
is a pbd-algebra. Now I come to the main idea. As I explained above, provided that S is
not contained in the support of D (which is easily arranged), it makes sense to form the
restriction D0i = resS Di ; we consider the associated pbd-algebra on S:
R(S, D0• ).
It is easy to see, though not trivial, that R(X , D• ) is ﬁnitely generated if and only if
R(S, D0• ) is ﬁnitely generated.
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1.11

Shokurov’s ﬁnite generation conjecture

In this section, I state the ﬁnite generation conjecture of Shokurov. The statement is
technical; the reader may wish to just skim over it.
We want a condition on the system D0• that, in appropriate situations, ensures that
the pbd-algebra R(S, D0• ) is ﬁnitely generated. The condition is the following:
Deﬁnition 1.11.1 Let (X , B) be a pair of a variety X and divisor B ⊂ X .
(1) A b-divisor M on X is canonically saturated if there is a model Y1 → X such that
Mob MY + AY ≤ MY
on all models Y → Y1 .
(2) A sequence D• of b-divisors on X is canonically asymptotically saturated (canonically a-saturated, for short) if for all i, j, there is a model Y (i, j) → X
such that
Mob ( jDi + A)Y ≤ jDj Y
on all models Y → Y (i, j).
These deﬁnitions are very subtle and I will not attempt a discussion here. The reader
should accept these for the moment as ‘technical conditions’. A systematic treatment can
be found in Sections 2.3.5 and 2.3.61.
Proposition 1.11.2 (see Lemma 2.3.43 and Lemma 2.4.3) Let (X , S + B) → Z be a pl
ﬂip; the restricted system
D0• = resS D•
of Section 1.10 is canonically a-saturated.
Finite generation Conjecture 1.11.3 Let (X , B) be a klt pair, f : X → Z a birational
contraction to an afﬁne variety Z. Assume that K + S + B is anti-ample on the ﬁbres of
f . If D• is a canonically a-saturated convex bounded characteristic system of b-divisors
on X , then the pbd-algebra R(X , D• ) is ﬁnitely generated.
Deﬁnition 1.11.4 An algebra satisfying the assumptions of the conjecture is called a
Shokurov algebra (Fano graded algebra, or FGA algebra, in Shokurov).
Agood way to get a feeling for this conjecture and the concept of canonical asymptotic
saturation, is to work out the one-dimensional case; this is done in §2.3.10 and the
reader may wish to read that section now. The proof of this conjecture in the case
dim X = 2 is a major theme in this book, see Theorem 2.4.10 and Corollary 7.5.2; in
Chapter 9, we even prove a generalisation to non-klt surface pairs. In §2.4, the conjecture
is shown assuming that f : X → Z is birational; this is sufﬁcient for the construction of
3-fold pl ﬂips.
It is important to realise that, in the light of the work of Hacon and Mc Kernan on
adjoint algebras and higher-dimensional ﬂips, see §1.14 below, the ﬁnite generation
conjecture is no longer crucial for the construction of ﬂips. However, the conjecture
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makes a deep statement about the structure of linear systems on Fano varieties, and it
may have a role to play in future work on ﬁnite generation.

1.12

What is log terminal?

Fujino’s Chapter 3 is an essay on the deﬁnition of log terminal singularities of pairs.
The category of pairs (X , B) of a variety X 
and a divisor B ⊂ X was ﬁrst introduced by
Iitaka and his group. In the early days, B = Bi was a reduced integral divisor and one
was really interested in the non-compact variety U = X  B. It is an easy consequence
of Hironaka’s resolution theorem that, if X is non-singular and
 B is a simple normal
crossing divisor, then the log plurigenera h0 X , n(KX + B) depend only on U and
not on the choice of the compactiﬁcation X and boundary divisor B. This suggests that
it should be possible to generalise birational geometry, minimal models, etc. to noncompact varieties, or rather pairs (X , B) of a variety X and boundary divisor B ⊂ X .
As in the absolute case, it is necessary to allow some singularities. There should be
a notion of log terminal singularities of pairs, corresponding to terminal singularities
of varieties. To deﬁne such a notion turned out to be a very subtle technical problem.
Many slightly different inequivalent deﬁnitions were proposed; for example [Kol92]
alone contains a dozen variants. Over the years, we believe, one particular notion, called
divisorially log terminal pairs in [KM98], has proved itself to be the most useful. In
this book, we work exclusively with divisorially log terminal (abbreviated dlt) pairs.
The book [KM98] contains a clear and technically precise exposition of divisorially log
terminal singularities and we adopt it as our main reference. However, the professional
in higher-dimensional geometry must be able to read the literature; in particular, a good
knowledge of at least the fundamental texts [KMM87, Sho92, Kol92] is essential. There
is no agreement on the basic deﬁnitions among these texts. This state of affairs creates
serious difﬁculties for everybody interested in these things. The chapter by Fujino is a
guide to the different deﬁnitions existing in the literature; it is the only such guide known
to me. In it the reader will ﬁnd a discussion of the various deﬁnitions, their properties
and respective merits and the state of the art on the various implications existing among
them, as well as several illustrative examples.
In particular, the chapter contains a careful treatment of the adjunction formula for
dlt pairs. If X is a normal variety and S ⊂ X a reduced Cartier divisor, the adjunction
formula states that KS = KX + S|S . The adjunction formula is the most important tool
that allows us to manipulate the canonical divisor. If S is reduced of codimension 1, but
not necessarily a Cartier divisor, under mild assumptions, there is a naturally deﬁned
effective Q-divisor Diff > 0 on S such that the adjunction formula
KS + Diff = (KX + S)|S
holds. For example, consider the case of a quadric cone X ⊂ P3 and a line S ⊂ X ; the
line must pass through the vertex P ∈ S of the cone, and Diff = (1/2)P. More generally,
consider a pair (X , S + B), where B is a strict boundary and S is a reduced divisor not
contained in Supp B. Under fairly mild conditions, one can deﬁne a different Diff (B) > 0
and KS + Diff (B) = (KX + S + B)|S . It is not difﬁcult to show that: If (X , S + B) is plt,

